The main aim of this article is to discuss the attitudes to mathematics of students taking a basic mathematics course at a Swedish university, and to explore possible links between how well such students manage to solve tasks about limits of functions and their attitudes. Two groups, each of about a hundred students, were investigated using questionnaires, field notes and interviews. From the results presented a connection can be inferred between students' attitudes to mathematics and their ability to solve limit tasks. Students with positive attitudes perform better in solving limit problems. The educational implications of these findings are also discussed.
Introduction
When students learn a new mathematical concept or learn something further about an already known concept, they have to draw on parts of what they have already learnt or perhaps draw on related concepts. It is not only the mathematics per se that is recalled but also feelings and attitudes attached to the concept. The students' mathematical beliefs serve as a filter that influences mathematical thoughts and actions (Pehkonen, 2001 ). Thus in a learning situation students have to grapple not only with the new mathematics, but also with their own experiences, confidence, common sense and prior learning. Limits of functions are for many students difficult to understand because of the nature of the concept. Students often confuse limit values with function values, the notion of infinity is sometimes not understood correctly, the limit definition is difficult to understand and there is a possible confusion between limits as processes and as static objects (Cornu, 1991; Davis & Vinner, 1986; Tall, 1980 Tall, , 2001 Vinner, 1991) . The multitude of challenges in learning about limits affect students in a number of possible ways, the most obvious one being that students who manage to overcome such barriers reinforce their positive attitudes and vice versa. But there are other possible scenarios, for example where students' perseverance drives them to work despite the influence of negative attitudes and prior failure or where students have positive attitudes to mathematics and still do not manage to learn about limits of functions because of other factors.
The purpose of this article is to identify students' attitudes to mathematics in general and to limits in particular as they progressed through a basic mathematics course, and to compare these attitudes to the students' abilities to solve limit tasks. The following questions will be addressed:
• What are the students' attitudes to mathematics? • What are the relations between these attitudes and the learning of limits of functions?
Two studies about students' development of the concept of limits of functions were conducted in 2002 (Juter, 2003) . I wanted to determine the students' attitudes to mathematics first and then see how their conceptions of limits developed over a semester. The studies were conducted at a Swedish university. No such study has previously been conducted in Sweden.
Theoretical background

Attitudes and beliefs
Beliefs, attitudes and other related words are often used synonymously in the field of mathematics education (Leder & Forgasz, 2002) . Some researchers' choices and definitions of such words are presented below to exemplify their diverse use. Leder and Forgasz argued that meaningful research can still be done without a single, universally accepted definition.
McLeod (1992) speaks of stability in students' affective responses. Beliefs and attitudes are often considered to be relatively stable while emotions change more readily. He distinguished between beliefs, attitudes and emotions. Beliefs are described as the ways in which the students perceive mathematics or their own ability. One example is that "mathematics is about solving problems". Attitudes are, for example, dislikes of specific types of tasks. Emotions include the anxiety experienced in working through a proof.
Mohammad Tall (1994,1996) used "attitude" for all three words given by McLeod in their investigation of students' attitudes before and after a university course with an emphasis on cooperative problem solving and reflection on the thoughts of the problem solving process. The students, aged 18 to 21 years, were enrolled in different courses and constituted a mixture of third to fifth year undergraduates. They were asked to complete a two-part attitudinal questionnaire before and after the course and also after completing a traditional course in mathematics. The first part of the questionnaire dealt with attitudes to mathematics and the other with attitudes to problem solving. Mohammad Yusof and Tall reported that the students' attitudes were different before and after they had completed the more innovative course, but almost the same attitudes were displayed at the time of the first questionnaire and after the traditional course. These results suggest that students' attitudes are directly dependent on input from the surrounding environment, but any changes produced do not necessarily remain after the input causing the changes has stopped. However, the results in Mohammad Yusof and Tall's study may have been affected by the fact that the students were asked to respond to the same statements three times.
Students' attitudes that mathematics merely requires facts and procedures to be remembered emerged from the work of Mohammad Yusof and Tall (1994 Tall ( , 1996 as well as from Svege's (1997) study about students' beliefs, attitudes, and emotions concerning mathematics. Novak (1998) , influenced by Ausubel, postulated a model of learning styles ranging from rote learning where there are no relations to existing knowledge, to meaningful learning where new knowledge is intentionally integrated in cognitive structures. Ausubel (2000) describes meaningful learning as "new symbolically expressed ideas (the learning task) […] related in a non arbitrary, and non verbatim fashion, to what the learner already knows" (p. 67). Students who rely on rote learning in learning mathematics are typically more anxious about mathematical work than other students (Entwistle, 1998) . Anxiety lowers the students' self confidence and the whole experience becomes unpleasant. Students who use rote learning are more likely to see the parts of mathematics they have learned as disjoint units of methods or rules, with the result that they can not see connections between different concepts or underlying crucial properties. Their mathematical understanding becomes weak and incomplete and it takes a lot of effort to sustain their mathematics studies as the pressure to remember rules, methods, theorems, and definitions mounts. Such a dysfunctional pattern is difficult to reverse since the students' foundational mathematical knowledge has gaps, which have to be filled, at least partially. If the gaps remain, there is, in some areas, nothing in the students' mental representations to which new knowledge can be connected. In such a case the new knowledge has no meaning for the students. They develop no sense of what is true and what is not.
An investigation (Szydlik, 2000) on students' beliefs and conceptual understanding revealed a connection between students' beliefs about how mathematical truth is established and the understanding of limits. Students who preferred authorities such as lecturers and textbooks to establish mathematical truth held inadequate definitions and misconceptions of limits to a higher degree than students who relied on intuition, logic and empirical evidence.
McLeod (1992) pointed to two different developments of attitudes. One comes from repeated emotional reactions to mathematics that become automatic, such as certain attitudes to a specific mathematical activity. The intensity of the emotional reaction will be weaker each time the situation occurs. The student's reaction is triggered by the situation rather than by actual emotions. The second development comes from assigning an existing attitude to a new, similar situation. A positive attitude to proofs in analysis can, for example, spread to a positive attitude to proofs in algebra. Attitudes and achievement have a relation that is complex and can not be described as one depending on the other (McLeod, 1992) . Attitudes and confidence depend, on the other hand, strongly upon one another. Attitudes to mathematics indicate whether a student is confident working with mathematics. The confidence emerges from various personal experiences, derived from emotions, accomplishment, social settings and all other inner and outer stimuli. Therefore, it is important that all students experience success in their mathematics education. Students' own knowledge, or their perceptions of their own knowledge, is hence an important factor in attitudinal discussions.
The nature of knowledge as objective and subjective is discussed in Pehkonen (2001) . Objective knowledge is the generally accepted structure within the mathematics community, while subjective knowledge is individual and based on personal experience and attainment. These types of knowledge are linked together and influence each other. Students taking a course in analysis simultaneously develop their mathematics and their attitudes towards the subject. Their subjective knowledge, affected by their attitudes, can influence the development in mathematics either in a positive way or in a negative way. If students think mathematics is all about formulas and counting, then it can be difficult for them to solve problems later on. Pehkonen compared systems of knowledge with systems of beliefs. Knowledge is often structured in a logical manner while beliefs have a tendency to occur in a quasi logical structure. This means that individuals use their own axioms and logic rules. These are not always the same as those used by mathematicians. Belief systems have two other distinctive features beside quasi logic. One is the psychological importance, which is the strength of the beliefs. The other feature is the beliefs' cluster structure, which means that the beliefs are gathered in clusters that do not have to be linked together directly. The structures of knowledge and beliefs, however, are linked together in mental representations.
Mental representations and understanding
A concept image is the total cognitive representation of a notion that an individual has in his or her mind (Tall & Vinner, 1981) . A concept can be represented in more than one way and there can even be conflicting representations that are evoked at different times, depending on the context. If the representations are not contradictory they can merge into one when the individual is able to see the connections (Dreyfus, 1991) . If they are incoherent in any aspect, a conflict may arise. The incoherence can, for example, relate to interpretations of rules or perceptions of definitions in different contexts.
Mathematical representations can be compared to webs of mathematical concepts with connections between them (Novak, 1998) . Attitudes influence the constructions of mental networks. If a specific concept is stimulating for a student, he or she is more likely to devote time and effort to work with it and compare it to other concepts. Then more and stronger links are made and that part of the concept image is more likely to make sense to the student. Even if not everything about the concept is clear, the time spent on working and trying to make sense of it strengthens the concept image. The influence goes in the opposite direction too, as constructions influence attitudes. The construction of the cognitive representations involves pattern recognition, categorisation and association (Hannula, 2002) and students' attitudes are dependent on how well they think they manage to come through the cognitive processes. The attitudes are also dependent on emotions, to a greater degree than on cognition (Hannula, 2002) . Attitudes are hence an important factor in students' constructions of mental representations. Hiebert and Carpenter (1992) define understanding of a mathematical concept to be something an individual has achieved when he or she can handle the concept as a part of a mental network, which is similar to Novak's (1998) and Ausubel's (2000) descriptions of meaningful learning. The more connections there are between mental representations, the better the individual understands the concept (Dreyfus, 1991; Hiebert & Carpenter, 1992) . If a concept is complicated in its nature, the connections become harder to make.
The dual nature of limits of functions
There is an ambiguity in the way the concept of limits can be perceived. One can focus on the process of approaching the limit and hence consider it a never ending procedure. But one can also think of the limit as a static entity, or object, to which functions can be compared. Sfard (1991) and Cottrill et al. (1996) have described theories of object formation from processes. A notion is first regarded as a process and when the characteristics of the notion become clear the notion can be seen as an object upon which other processes can be applied. These objects and processes form mental schemas to represent the concept and connections to it. Such schemas constitute individuals' concept images. Cottrill et al. (1996) concluded that the formal concept of a limit is an intricate dynamical schema and not a static one. It is important to have a strong dynamical conception of the notion before it is possible to embrace fully a more formal interpretation where the limit is seen as an object. In the development of refining the schema of limits there are leaps between seeing a limit as a process and as an object.
Limits are taught at upper secondary school in Sweden, but only in an informal intuitive manner with the focus on limits as processes. Therefore, the students have some conceptions of limits when they come to university. These conceptions can be difficult to change since they have been sufficient until the students started at the university. Hence these students do not feel a need to learn the formal definition (Williams, 1991) or to work further to understand the dual nature described above. Tsamir and Tirosh (2002) described intuitive beliefs as enduring self evident cognition forms. The strong feelings of certainty can cause a false sense of understanding.
The study
The questions explored in this study, as already indicated in the introduction, are:
• What are the students' attitudes to mathematics?
• What are the relations between these attitudes and the learning of limits of functions?
The methods and instruments used in the study were both quantitative and qualitative, but the data presented in this article are mainly quantitative to give a clearer picture of possible patterns in the students' responses to the questions and tasks. In the data collection, students were variously considered as a group, and as individuals, to elicit as much information as possible about their attitudes to mathematics and knowledge of limits of functions. Details of the sample, methods and instruments are presented and discussed in this section.
The sample
The study was conducted in two stages with two different groups. The first group comprised 143 students who took part in the first part of the study in the spring semester of 2002. The following semester, autumn of 2002, 112 students participated in the second part of the study. About one third of the students were women, 36% in the first part and 29% in the second. All students were enrolled in a 20-week, full-time, basic level mathematics course covering algebra and analysis. Each group of students was taught by different teachers, one in algebra and one in analysis. The lectures were held three days per week with two lectures per day to the whole group. After the lectures, the students were separated into smaller groups for a teacher led problem solving session. I was not teaching any of the students and I did not know any of them.
The groups were slightly differently composed as the spring group had a larger number of students whose main interests were in biology, chemistry or some other non-mathematical topic. Students who study mathematics because their non-mathematical main interests require it are not likely to have attitudes as positive to mathematics as students with mathematics as their main topic of study. The differences in composition of the groups affected the study as we will see later in this article.
Methods and data analysis
The data were collected at three stages -stage A, stage B, and stage C -with each group of students. There were 132 students in the spring study and 99 students in the autumn study who responded to a questionnaire at stage A in the second week of the course. The questionnaire was designed to determine the students' attitudes to mathematics through seven attitudinal statements, and their knowledge about limits from upper secondary school through some easy limit tasks. Only the attitudinal part is described in this article to show the students' attitudes before limits were taught. The instruments used are discussed more fully in the next section. The students' responses were sorted, with data from the two groups kept separate. The students were individually categorised with respect to their responses to the attitudinal part of the questionnaire. The last four of the seven statements (see the instruments section) were used to categorise the students as "confident" or "unconfident". A typical "confident" student agreed with statements 5 and 7 and disagreed with statements 4 and 6. An "unconfident" student responded in the opposite way. Categorisation patterns were defined by at least three out of four consistent responses to these four statements. Students with some neutral responses to some of the statements but otherwise following one of the categorisation patterns were added to the relevant category. The aim with the categorisation was to be able to compare confident students' abilities to solve limit tasks with unconfident students' abilities to solve limit tasks. This categorisation of students does not take different degrees of confidence into account but, as will be shown further on, a majority of the students could be categorised by this method. Limits were introduced to the students between stage A and stage B.
At stage B, in the fifth week of the course, 106 of the students in the spring study responded to a second questionnaire with limit tasks and attitudinal questions. The attitudinal part, as described in the instruments section, included four open questions about what the students found most interesting, stimulating and difficult in the course. From the answers to these four questions, the most commonly mentioned concepts were listed to show which concepts the students thought of in the given contexts. The instruments used in the two groups were not identical. One reason for this was that some tasks were trialled in the spring study. The students in the autumn course were not asked the four questions because of time constraints. This was the only difference in the instruments used in the study described in this article. However, the responses to the four items are relevant for the questions posed in this article; hence they are included in the data.
The students in both groups responded to a questionnaire at stage C in the seventh week of the course. The questionnaire comprised two tasks about limits with given solutions, which are described in the instruments section. Solutions were given by 87 students from the spring study and 78 students from the autumn study. The tasks are called Task 1 and Task 2 in a later section of the article. The students' solutions to the tasks were transcribed and put into a computer program for categorisation. In this article I will only use the categories representing complete and correct solutions to measure the students' abilities to solve limit tasks. Examples of student solutions and expected solutions are provided in later sections.
The number of students in the groups and the methods used at the three stages are summarised in Table 1. Field notes were taken for both groups to shed some light on the students' activities during lectures and in the classroom where tasks were solved. Students were together for the lectures but were divided into smaller groups with 20 to 30 students for the task solving sessions. I followed one such group and almost all the lectures, as an observer, when they were dealing with limits. The field notes were organised so that each student was represented by a square in a grid representing the classroom at the group sessions, and all actions such as asking questions, solving tasks at the black board or commenting on something were written down to give a picture of the activities during each lesson. The students were less active during the lectures and there were too many students to consider them individually. Therefore, the data collection at the lectures consisted of notes of what the lecturer presented and questions and comments from the students.
Fifteen of the students in the autumn study were interviewed on two different occasions to capture as many individual experiences as possible (Juter, 2003) . The results of the interviews are not presented in this article.
Instruments
The students responded to a questionnaire in the beginning of the semesters, at stage A. The following statements, based on Mohammad Yusof and Tall (1994) , were part of the questionnaire.
1.
Mathematics is a collection of facts and processes to be remembered.
2.
Mathematics is about solving problems.
3.
Mathematics is about coming up with new ideas.
4. I learn mathematics through rote learning.
5.
I usually understand a mathematical idea quickly.
6. I have to work very hard to understand mathematics.
7.
I can connect mathematical ideas that I have learned. The questionnaires also contained questions about limits of functions. The students in the spring course were asked the following questions at stage B:
1. What has been the most important thing you have learned in the analysis part of the course to date? 2.
What has most stimulated you in the analysis part of the course to date? 3.
What has been hardest to understand? 4.
Write what you still do not understand.
The questions were designed to allow the students to express their priorities and experiences of mathematics in general. The overall purpose was to see how the students mentioned limits of functions among other mathematical concepts.
The questionnaire at stage C contained tasks about limits of functions for the students to solve. The questionnaire comprised tasks with presented solutions and tasks without solutions. The solutions were given to challenge the students to react, i.e., either to agree or to come up with alternative solutions. If a task was too difficult at first sight and there was no pressure to produce a solution, the students could leave it unsolved. But an attempt at a solution or a whole solution might stimulate some sort of response from the students. The two following tasks with solutions were given to both groups.
Task 1: Problem: Decide the following limit value:
Adjustments (What will change or be completed and why). Adjustments (What will change or be completed and why). In Task 1 the students were expected to calculate left and right limit values and to see that they are not the same. The given solution to Task 2 does not compensate for the constant 2 and the students were expected to rewrite the function, . 2, and then use the standard limit value in the given solution.
Results
The attitudinal statements at stage A
The statements from the questionnaires and the results of the students' responses are presented in Table 2 . The numbers do not add up to 100%, because not all the students responded to all the statements. The two groups of students had very similar responses to the questionnaire, though there are small variations. A larger proportion of the students in the spring study agreed with statements 1, 2, 4 and 6 than of the students in the autumn study. A larger proportion of the students in the autumn study agreed with statements 3, 5 and 7. According to these numbers, the students in the autumn study were slightly more confident about their own abilities in mathematics, which is not surprising since a number of students in the spring group did not have mathematics as their main field of study. About 45% of the students considered mathematics to be facts and processes to be remembered, as in the studies by Mohammad Yusof and Tall (1994) and Svege (1997) . More than 90% of the students thought that mathematics was about solving problems and 60% of them agreed with the statement that mathematics is about coming up with new ideas (27% of the students were neutral on this statement). Around 60% of the students stated that they do not learn mathematics through rote learning but over 20% claimed to do so and 15% were neutral. In contrast to the results of this study, 75% of the students in Mohammad Yusof and Tall's (1994) study claimed to learn by rote.
There were nearly as many students who claimed to understand a mathematical idea quickly (statement 5) as there were in agreement with the opposite statement. The same goes for the number of students who had to work hard to understand mathematics (statement 6). Most students stated that they could connect mathematical ideas that they have learned (statement 7).
The four questions at stage B
The questions were answered by 106 students, and the most frequently mentioned concepts are listed in Table 3.   101   Table 3 Students' responses to the four questions in the spring group. Number and (%). The data presented in Table 3 indicate the students' perceptions of the mathematics in the course. Limits are considered to be the most important and hardest to understand but not the most stimulating by this group of students. The last two concepts in the table were taught in the algebra part of the course and not in the analysis part, but the students mentioned them here anyway. Table 4 displays the percentages of the students in each group who were able to solve the tasks completely and correctly. There were 87 students in the spring group and 78 in the autumn group involved in this part of the study.
Task 1 and Task 2 at stage C
102 Table 4 Percentage of the students solving the tasks completely and correctly.
Spring group Autumn group
Task 1 21 36
Task 2 11 21 As expected, the students in the autumn study show better results in solving these two tasks. One common error, which 17% of the spring group and 15% of the autumn group made, was to use a method which works for rational functions when x tends to infinity but not when x tends to one as in Task 1. An example of a student solution of this type is the following:
The limit process is taken in two steps where the problem with different left and right limit values is ignored.
As is indicated by the data in Table 4 , Task 2 was more difficult for the students to solve. The most commonly used method was to reason in terms of infinity, often locally, which means that the students did not regard the features of the whole function as x tends to infinity. For example:
0 when x so the denominator has to go
The results so far have focussed on the groups as such and not on the students as individuals. It is interesting to see how students strongly confident in their own capability coped with the tasks compared to students with weak self-confidence. The categorisation described in the method section gave the result that 61 (47%) students from the spring study and 54 (55%) students from the autumn study were categorised as "confident" and 28 (21%) students from the spring study and 16 (16%) students from the autumn study were categorised as "unconfident". This shows again that the autumn students were more confident. Not all students solved the tasks. There were 35 from the 61 "confident" spring students, 17 from the 28 "unconfident" spring students, 36 from the 54 "confident" autumn students and 9 from the 16 "unconfident" autumn students who did. Table 5 shows the results of the students' success at solving the tasks with respect to their overall confidence in mathematics. The "confident" students in the autumn study had a higher rate of correct answers than did the "confident" students in the spring study. The results of the "unconfident" students' task solving are not very clear, which may be explained by having too few students in these categories.
The field notes
The field notes revealed that the students were not very active during lectures or in class. There were not many questions or remarks from the students during the lectures that I observed. The task solving lessons were planned for the students to solve problems at the blackboard, with a teacher helping if necessary, but the students' unwillingness to do that often left the teacher solving the students' problems.
In the autumn study the teacher at the task solving sessions asked the students about the limit tasks. The first question to the students was whether they found the limit value tasks harder than the other tasks. The answer from the class was yes. They said that they had not met epsilons and deltas before and this was hard for them to understand. The second time was two days later when the teacher asked if the students found a specific kind of task harder than tasks that involved only calculation. The students said that they did and that they preferred to use standard limit values. The specific task was a function, , that was supposed to be proved, with the limit value definition, to be continuous at x = 2. Not all students participated in the discussion.
Discussion
The results from the previous section, together with the theoretical background, are used to address the research questions: What are the students' attitudes to mathematics? What are the relations between these attitudes and the learning of limits of functions? The questions are discussed under three headings relating to students' abilities to solve limit problems, understanding of the limit concept, and attitudinal changes. Educational implications are linked to the discussion under each heading.
Students' abilities to solve problems
The results of this study suggest that there is a connection between students' positive or confident attitudes to mathematics and their ability to solve limit tasks successfully. Which one depends on the other is not possible to tell from this study and perhaps not at all (McLeod, 1992) . The results from the groups presented in Table 4 , as well as from the students as individuals in Table 5 , imply that students with positive confidence perform better in solving problems about limits of functions, or that students who are capable of solving problems have a positive attitude to mathematics. Mohammad Tall (1994, 1996) also reported that students participating in a course with an emphasis on problem solving processes showed more positive attitudes to mathematics and problem solving. Thus when teaching limits of functions in particular, it seems important to ensure that the students' learning environment offers varied opportunities for discussion and problem solving. In that way students can consolidate their current knowledge and be stretched to enhance their skills. There are several students who claimed that they had to work very hard to understand mathematics (statement 6 in Table 2 ), and that they did not understand a mathematical idea quickly (statement 5). Examples of this were found in the field notes. One student had solved a task at the blackboard during a problem solving session. He used the limit definition. When he was finished, he asked the teacher: "What have I proved?". Other students in the group agreed with him and they thought it was hard to know when something was proved with the limit definition. So although the students worked with the suggested tasks, they did not always understand how they used the mathematics. On the other hand, there were almost no students who stated that they could not connect mathematical ideas they had learned (statement x + 7 x -3 7). The responses to these three statements (statements 5, 6 and 7) are both encouraging and dispiriting. The result of the first two of them suggests that if students have time to spend on mathematics, then they can learn it. But the third statement (statement 7) can also be true. If an individual does not have the time or inclination to work, then there can not be a successful connection between the new and the existing mathematical parts in the concept image (Tall & Vinner, 1981) . Perhaps students do not see the new parts as learned if they are not fully integrated with the mental networks of mathematics.
Aspects of understanding
The fact that so many students in the present study, as well as in Mohammad Yusof and Tall's (1994) and Svege's (1997) studies, see mathematics as something to be remembered indicates that understanding is not the goal of the students' learning processes or perhaps of the teaching. This is emphasised by the statement that mathematics is about solving problems. It seems that the students' efforts are focused on the problems and solution methods rather than on the theory. This situation is an example of Pehkonen's (2001) description of the influence of beliefs on the learning of mathematics, where the students' subjective knowledge interferes with their objective knowledge. But the students' ideas of what constitutes a mathematical problem are not clear. It can be any task or something that is not trivial for the students to solve (Schoenfeld, 1992) . If students think that mathematical problems are not only to find solutions to tasks, but also to justify conjectures or to understand proofs, then I would not say that the theory part is neglected. The field notes show that most students did not want to solve problems in class. Apart from the tasks being too difficult for the students, there can be other reasons for this, for example doubt about their own mathematical ability or shyness. These problem solving sessions also affect students' attitudes. Confident and successful students who solve tasks in front of the class strengthen their positive attitudes, while inactive students with low mathematical self-confidence do not get, or take, the opportunity to feel success through interactions with peers. The responses to statement 3 (Table 2 ) stand in contrast to a shallow view of mathematics, as quite a few students thought that mathematics was about coming up with new ideas. If students only work with standard tasks and do not consider the underlying theory, then they will probably find it hard to discover new things. There is a better chance for them to get new ideas if they are bold and explore the features of the processes and objects on which they are working rather than just rely on texts and lecturers' words. Szydlik (2000) claimed bold students are more likely to have accurate conceptions of limits of functions. The students are certainly aware that they should be prepared to explore new approaches and perhaps want to work in that way, but understanding often takes time, and time has a tendency to run out. A strategic selection of what to study can favour routine-tasks and rote learning (Mohammad Yusof & Tall, 1994) . Courses are often assessed with similar tasks, so the choice to skip theory is not surprising. Theorems and proofs can be learned by heart as well; in this way it might seem as if a student has understood a concept even if that is not the case. About 60% of the students in this study claimed not to learn by rote, which implies that there is a rather large number of students who do.
If a student is learning limits of functions by rote, what are the specific features that he or she will remember? Many students find limits of functions to be difficult to understand as we have shown before. Selecting the appropriate method to use when dealing with limits is often not trivial. The formalistic formulation of the definition, and for many students the new way of thinking, compound the difficulties. If students are unable to see and understand the concept's critical features, then they do not know what to learn by heart. They see that several methods are present in textbooks and at lectures and feel pressured to make sense of them all, which possibly adds to their anxiety (Entwistle, 1998) . There are methods that are systematically used, which students learn and remember, for example to use the dominant term when they work with rational functions where the independent variable tends to infinity. The students in the autumn study had learned that method for rational functions and then they got a rational function where the independent variable tended to one. Many of the students started to divide by the dominant term, which is the term that would have dominated if x tended to infinity, even though it did not help them to solve the problem. They had simply recognised a rational function as a surface property, and they did not remember why they used the method with the dominant term. This illustrates the danger of learning a method without fully understanding it.
Attitudinal changes
The notion of limits of functions is such that it takes time and effort for most students to understand fully the meaning of the concise formalised definition and to integrate it with their existing mental representations (Cornu, 1991; Davis & Vinner, 1986; Juter, 2003 Juter, , 2004 Szydlik, 2000; Tall & Vinner, 1981; Williams, 1991) . Students have to devote a lot of energy and, if they are excited and curious about the subject, there is something that drives them to make sense of what they work with. If their first experiences with limits are positive, then the attitudinal development triggered by emotional reactions (McLeod, 1992) has a chance to grow strong (Pehkonen, 2001 ) and be sustained during the demanding nature of the learning process. One outcome of Mohammad Yusof and Tall's (1994 Tall's ( , 1996 study was that even though attitudinal changes did occur, the attitudes tended to change back again after some time. The information summarised in Table 3 indicates that limits of functions are considered to be important, but very hard to understand, so these attitudes have a strong psychological importance (Pehkonen, 2001) . Hence there has to be strong positive experiences for the students to change such attitudes and maintain the changes.
Intuitive beliefs (Tsamir & Tirosh, 2002) that are inconsistent with the formal concept definition are possible causes for misplaced high selfconfidence. Intuitive beliefs need to be challenged to bring students to understand that there is much more about limits to investigate and make sense of. This in turn can get the students to lose their confidence, not only about limits but about their total ability to work with mathematics. This is, however, a necessary risk to be taken if students are to get a chance to create true and rich concept images (Tall & Vinner, 1981) , and to understand their meaning (Dreyfus, 1991; Hiebert & Carpenter, 1992) . As I see it, the teacher's role involves giving a balanced challenge so that students experience the need to modify their concept images intertwined with moments of success in order to maintain or develop positive attitudes towards mathematics.
This study traced students' attitudes and abilities measured at separate, distinct times. This approach may prevent changes that take place between periods of data collection being detected. If students successfully construct their cognitive representations over a period of time, then their attitudes to mathematics are likely to become more positive (Hannula, 2002) . When they strike a problem, the positive attitudes become less positive, or more negative. There can then be several sets of attitudinal clusters or clusters of beliefs (Pehkonen, 2001 ) which are connected to the different contexts in which they were created. The clusters can be disjoint and, depending on the input from questions or elsewhere, the students evoke different clusters; this might confound the findings in the data collected. Therefore, it is important to keep in mind the different stages of the course when the data were collected. The data presented in Table 2 were gathered before the students had worked with limits in the course. The rest of the results presented are from the time after limits of functions had been presented and many of the students struggled to integrate this new material with what they already knew.
The students' attitudes described in this article are what lecturers and teachers have to consider in their classrooms. The students have developed these attitudes through many years of schooling and they are not easily changed over a semester. Most changes do not occur without effort. Therefore, for changes to occur, explicit attempts must be made by the teacher and the student.
Conclusions
To answer the first of the research questions (What are the students' attitudes to mathematics?), a majority of the students considered mathematics to be facts and processes to remember and mathematics to be about solving problems but also about coming up with new ideas. Most students claimed not to learn by rote. The majority of the students stated that they could synthesise mathematical ideas that they had learned, but many students had to work very hard to understand mathematics. Limits of functions were regarded to be most important in the analysis course, but also most difficult to understand. This implies that most students in the study had to work hard to integrate the new knowledge to existing concept images. The fact that they thought limits were important probably encouraged them not to give up their attempts to learn limits.
To address the second question (What are the relations between these attitudes and the learning of limits of functions?), the results of the study show that confident students perform better in solving limit problems than unconfident students do. The students' attitudes were contradictory at some points. Students who claimed to be able to connect mathematical ideas they have learned, but who regard mathematics to be facts and processes to remember can have a meaningful learning approach if they see remembering as a synonym for learning. If they have a rote learning strategy instead, the connections to other mathematical ideas are likely to be weak and based on first sight similarities as exemplified in this study.
The results from the present study provide teachers with evidence of students' efforts to learn limits, and of their attitudes to mathematics. The relationship between attitudes and achievement in solving limit problems implies that time should be spent on enhancing positive attitudes. Since so many (55%) of the students in the spring study found limits to be the hardest part of the analysis course to understand, there is reason to work through limits thoroughly and use various problems at different levels to help students understand the concept's features, and hence to be able to make strong and meaningful mental connections to other concepts.
